Heralded dissipative preparation of nonclassical states in a Kerr
  oscillator by Koppenhöfer, Martin et al.
ar
X
iv
:1
90
6.
05
12
6v
1 
 [q
ua
nt-
ph
]  
12
 Ju
n 2
01
9
Heralded dissipative preparation of nonclassical states in a Kerr oscillator
Martin Koppenhöfer, Christoph Bruder, and Niels Lörch
Department of Physics, University of Basel, Klingelbergstrasse 82, CH-4056 Basel, Switzerland
(Dated: June 13, 2019)
We present a heralded state preparation scheme for driven nonlinear open quantum systems. The
protocol is based on a continuous photon counting measurement of the system’s decay channel.
When no photons are detected for a period of time, the system has relaxed to a measurement-
induced pseudo-steady state. We illustrate the protocol by the creation of states with a negative
Wigner function in a Kerr oscillator, a system whose unconditional steady state is strictly positive.
Introduction.– Nonlinearity is a crucial prerequisite
for quantum algorithms to outperform their classical
counterparts in quantum information processing because
it gives rise to states or operations that cannot be effi-
ciently described in a classical framework [1]. An impor-
tant property to evaluate the usefulness of a quantum
state in this context is the occurrence of negative values
in its phase-space quasiprobability distribution [2–4].
However, such nonclassical states are challenging to
prepare and stabilize because of unavoidable decoherence
due to interaction with an unmonitored environment. For
example, the perhaps simplest nonlinear quantum sys-
tem, a driven and damped quantum oscillator with a Kerr
nonlinearity, has a steady-state Wigner function that is
strictly positive [5–7].
In this Letter, we circumvent this restriction and quan-
tify the potential of such a system to stabilize nonclassical
states with negative Wigner density. To this end, we take
into account the information leaking out of the system,
i.e., we consider setups where a detector continuously
monitors the emitted photons.
In contrast to most heralded state preparation proto-
cols relying on a photon detection event that heralds the
collapse to a target state [8–15], we explore the oppo-
site approach and use the photon-counting measurement
to identify a time evolution which continuously relaxes
the system into the target state, similar to [16]. Be-
cause the system will stay in this state conditioned on
no further photon detection events, we will refer to it as
a pseudo-steady state, to distinguish it from dissipative
steady-state stabilization [17–20]. We apply this protocol
also to a parametrically driven Kerr oscillator and show
that it is feasible to stabilize Schrödinger kitten states
without feedback [21].
On one hand, our results shed light on the actual dy-
namics of an open quantum system when the information
leaking out to the environment is not discarded. On the
other hand, they can be seen as a practical protocol for
heralded state preparation in open quantum systems that
is feasible with current technology.
System.– We consider an open quantum system ex-
changing photons with a finite-temperature environment.
a b
η η
LO
drive drive
Figure 1. (a) A driven nonlinear open quantum system
(gray box) is monitored by a photon-counting measurement of
detection efficiency η. The detection signal provides a herald
for the creation of a pseudo-steady state in the system. (b)
In a homodyne detection setup, a local oscillator (LO) signal
is added before the detection, which allows one to modify the
pseudo-steady state.
Its quantum master equation is (~ = 1)
d
dt
ρˆ = L0ρˆ+ κ(nth + 1)D[aˆ]ρˆ+ κnthD[aˆ†]ρˆ , (1)
where aˆ is the photon annihilation operator, κ denotes
the decay rate, nth is the thermal photon number, and
D[Oˆ]ρˆ = OˆρOˆ† − {Oˆ†Oˆ, ρˆ}/2 is a Lindblad dissipator.
In general, L0 can be any completely positive and trace-
preserving linear superoperator such that Eq. (1) has a
steady-state solution ρˆss. For now, we choose L0ρˆ =
−i[Hˆ0, ρˆ], where
Hˆ0 = −∆aˆ†aˆ+Kaˆ†aˆ†aˆaˆ+
(
α1aˆ
† + α2aˆ
†aˆ† +H.c.
)
(2)
describes an anharmonic oscillator with a Kerr nonlinear-
ity of strength K that is subjected to semiclassical and
parametric drives of strength α1 and α2, respectively.
We work in a frame rotating at the semiclassical drive
frequency ωdrive, and ∆ = ωdrive − ω0 is the detuning
with respect to the natural frequency ω0. The photon
emission of the system is constantly monitored by a pho-
ton detector, as shown in Fig. 1(a). To illustrate the
basic principle of the protocol, we focus on the case of
a zero-temperature environment, nth = 0, and unit de-
tection efficiency of the photon-counting measurement,
η = 1. The generalization to a more general L0, finite
temperature, and non-unit detection efficiency is given in
[22].
To model the photon-counting measurement, Eq. (1)
is rewritten to a stochastic Schrödinger equation [23],
d |ψ〉 = H |ψ〉dt+
(
aˆ |ψ〉√〈ψ| aˆ†aˆ |ψ〉 − |ψ〉
)
dN . (3)
2The term in brackets describes sudden quantum jumps of
the state vector |ψ〉 due to photon detection events. The
Poissonian stochastic increment dN is unity if the photon
detector clicks and zero otherwise. It has an ensemble-
averaged expectation value E(dN) = 2 〈ψ| Mˆ |ψ〉dt,
where we have introduced the abbreviation Mˆ = κaˆ†aˆ/2.
The continuous time evolution of |ψ〉 in the absence of
photon detection events is captured by the nonlinear op-
erator
H |ψ〉 = [−i(Hˆ0 − iMˆ) + 〈ψ| Mˆ |ψ〉] |ψ〉 . (4)
The non-Hermitian correction −iMˆ to the Hamiltonian
Hˆ0 introduces relaxation and a decay of the norm of |ψ〉.
To preserve the norm, we include the nonlinear term
〈ψ| Mˆ |ψ〉 |ψ〉 in H. By construction, an ensemble av-
erage over many solutions of Eq. (3) for different realiza-
tions of the stochastic jump process, so-called quantum
trajectories, recovers the solution of Eq. (1) [23].
Protocol.– The stochastic Schrödinger equation (3)
describes a continuous time evolution of the state |ψ〉 that
is interrupted by discontinuous quantum jump events.
This will lead to an interplay of two timescales: After
initial transient dynamics, the quantum trajectories fluc-
tuate on average around the steady state ρˆss of Eq. (1),
as shown in Fig. 2(a). Quantum jumps happen at a
rate Γjump = 2Tr(Mˆ ρˆss). Between two adjacent quan-
tum jumps, the state |ψ〉 evolves continuously according
to the operator H, which has a steady-state solution ful-
filling H |ψ〉ps = 0 and an associated relaxation rate Γrel.
In the following, we will call |ψ〉ps the pseudo-steady state
of the stochastic Schrödinger equation (3) because it is a
steady state conditioned on the absence of photon detec-
tion events. In the regime Γrel & Γjump, the waiting time
between two adjacent quantum jumps can be much larger
than the relaxation time and |ψ〉 relaxes exponentially to
|ψ〉ps, as shown in Fig. 2(b). Hence, a photon detection
event followed by no further click of the detector for sev-
eral relaxation times 1/Γrel heralds the preparation of
the state |ψ〉ps and the waiting time determines the state
preparation fidelity.
Pseudo-steady state and relaxation rate.– We now de-
rive explicit expressions for the pseudo-steady state and
the relaxation rate. We assume that Hˆ0− iMˆ has a non-
degenerate spectrum {hµ}, a more general calculation
can be found in [22]. Under this assumption, each nor-
malized eigenstate |ψµ〉 of Hˆ0 − iMˆ solves H |ψµ〉 = 0.
However, since H is a nonlinear operator, some states
|ψµ〉 may be unstable to perturbations. A linear stability
analysis reveals that in general, the pseudo-steady state
|ψ〉ps is the eigenstate |ψµ0〉 whose eigenvalue hµ0 has the
largest imaginary part, as shown in Fig. 2(c). The decay
rate of an unstable eigenstate |ψν 6=µ0 〉 towards |ψµ0〉 is
determined by the imaginary part of the corresponding
spectral gap, Γrel,ν→µ0 = Im (hµ0 − hν). Thus, the long-
term decay rate of a state |ψ〉 to |ψ〉ps is determined by
〈aˆ†aˆ〉ps
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Figure 2. (a) Steady-state dynamics of the photon-number〈
aˆ†aˆ
〉
of a Kerr oscillator subject to a semiclassical drive. An
average over 500 quantum trajectories reproduces the con-
stant steady-state result
〈
aˆ†aˆ
〉
ss
(thin solid red line), which
determines the average photon detection rate Γjump. Along
a single quantum trajectory,
〈
aˆ†aˆ
〉
(solid green line) evolves
by stochastic quantum jumps at a rate Γjump (jump times
indicated by black triangles) interchanged with a relaxation
toward a pseudo-steady state |ψ〉
ps
at a rate Γrel. The cor-
responding photon number
〈
aˆ†aˆ
〉
ps
is marked by the thick
dashed gray line. In the intervals highlighted in yellow (light
gray), the waiting time between two adjacent quantum jumps
is longer than 5 times the relaxation time. (b) The trace dis-
tance between the state |ψ(t)〉 and |ψ〉
ps
(solid black line)
decays exponentially after a quantum jump event. The decay
rate is Γrel (dashed orange line). (c) Spectrum of the non-
Hermitian Hamiltonian that defines the relaxation dynamics.
The relaxation rate Γrel is the imaginary part of the smallest
gap between the stable eigenstate |ψ〉
ps
(solid circle) and the
unstable eigenstates (open circles). Parameters: ∆/κ = 1.5,
K/κ = 2.2, |α1|2K/κ3 = 1.5, α2/κ = 0, and ξ = 0.
the smallest imaginary gap between the stable and un-
stable eigenstates, Γrel = minν 6=µ0(Γrel,ν→µ0), as shown
in Fig. 2(c).
Nonclassical states in a Kerr oscillator.– The state ρˆ
of a quantum system can be represented by the Wigner
function Wρˆ(α) = Tr[ρˆDˆ(α)Pˆ Dˆ
†(α)]/pi, where Dˆ(α) =
eαaˆ
†−α∗aˆ is the displacement operator and Pˆ = eipiaˆ
†aˆ
is the parity operator [24]. The Wigner function is a
quasi-probability distribution in phase space and nega-
tive values of Wρˆ(α) indicate a nonclassical state ρˆ [25].
We now show that the pseudo-steady state |ψ〉ps of a Kerr
oscillator can have a negative Wigner functionW|ψ〉
ps
(α),
whereas the steady-state Wigner function Wρˆss(α) has
been proven to be strictly positive [5–7]. As negativ-
ity measure, we use the modulus of the minimum of the
Wigner function, N(ρˆ) = |minα[Wρˆ(α)]|, which is non-
zero if Wρˆ(α) takes negative values and zero otherwise.
Semiclassical drive.– We consider a semiclassical
drive, α1 ≥ 0, and set α2 = 0, such that the steady-
state solution is characterized by the detuning ∆/κ, the
rescaled drive power |α1|2K/κ3, and the ratio K/κ [26].
For fixed values of the first two quantities and K ≫ κ,
the pseudo-steady state |ψ〉ps is positive, as shown in
3Fig. 3(a). This is due to the fact that the steady state of a
Kerr oscillator is strictly positive. If the relaxation rate
dominates, Γrel ≫ Γjump, the system is almost always
in the pseudo-steady state and, therefore, |ψ〉ps must be
identical to ρˆss to ensure that an ensemble average over
many trajectories reproduces the steady state. How-
ever, if relaxation rate and jump rate are comparable,
Γrel & Γjump, the pseudo-steady state differs from ρˆss
and can be nonclassical. Quantum jumps let |ψ〉 explore
many different states that compensate the nonclassicality
of |ψ〉ps and average out to a positive steady state. Fi-
nally, for K ≪ κ the quantum trajectory is dominated by
stochastic quantum jump events. Then, |ψ〉 can no longer
relax to |ψ〉ps because the intervals between two quan-
tum jumps are much shorter than the relaxation time,
Γjump ≫ Γrel. Considering this, we define the maximum
observable negativity Nmax as the maximum of N(|ψ〉ps)
in the regime Γrel ≥ Γjump. The left panel of Fig. 3(c)
displays Nmax as a function of the dimensionless detun-
ing and the rescaled drive power. Usually, the negativity
N(|ψ〉ps) decreases monotonically as a function of K/κ,
such that the maximum observable negativity Nmax is
achieved for Γrel = Γjump. However, in the regime where
two stable semiclassical solutions exist, enclosed by the
gray lines in Fig. 3(c), the largest negativity is observed
for Γrel > Γjump.
Different unravelings.– The unraveling of the quan-
tum master equation (1) is not unique [23]. Thus, the
operator H is not unique and many different pseudo-
stationary states |ψ〉ps can be stabilized to a given steady-
state solution ρˆss. To illustrate this point, we consider
the homodyne detection setup shown in Fig. 1(b). A
beamsplitter is placed between the system and the pho-
ton detector, such that the signal
√
κξ of a local oscillator
is added to the system’s output and the jump probability
is modified, E(dN ′) = κ 〈ψ| (aˆ† + ξ∗)(aˆ + ξ) |ψ〉dt. This
corresponds to a photon-counting measurement in a dis-
placed frame |χ〉 = Dˆ(ξ) |ψ〉 with a modified Hamilto-
nian Hˆ ′0(ξ) = Dˆ(ξ)Hˆ0Dˆ
†(ξ)− iκ(ξ∗aˆ− ξaˆ†)/2. The local
oscillator signal
√
κξ now allows us to modify the ratio
Γrel(ξ)/Γjump(ξ) and the pseudo-steady state |ψ(ξ)〉ps, as
shown in Fig. 3(b). In contrast to the standard homo-
dyne detection limit |ξ| ≫ 〈aˆ〉, where the local oscillator
signal dominates and the quantum trajectory is a contin-
uous Wiener process [23], we consider the opposite limit
|ξ| . 〈aˆ〉, such that the detection of photons is still a Pois-
sonian quantum jump process. Moreover, a state |ψ(ξ)〉ps
can only be prepared if Γrel ≤ Γjump holds, which restricts
ξ to the area inside the black curve in Fig. 3(b). Nev-
ertheless, an optimization of the local oscillator signal ξ
under these constraints significantly increases the maxi-
mum observable negativity Nmax over the case of ξ = 0,
as shown in the right panel of Fig. 3(c).
Parametric drive.– Our protocol can be used to stabi-
lize a Schrödinger kitten state in a Kerr oscillator with-
out feedback [21]: We consider a resonant parametric
0.01
0.1
1 Γrel
Γjump
a
0
0.08
0.16
1 10 100
N(|ψ〉ps)
Nmax
ξ = 0
c
ξ 6= 0
0 1 2
0
pi/2
pi
3pi/4
b
K/κ
0 1 2
∆/κ
0
2
4
|α
1
|2
K
/κ
3
0 1 2
∆/κ
0
0.08
0.16
N
m
a
x
0 1 2
Γrel(ξ)/Γjump(ξ)
0 0.15 0.3
N(|ψ(ξ)〉ps)
Figure 3. (a) Relaxation rate Γrel to the pseudo-steady state
|ψ〉
ps
(solid blue), jump rate Γjump (dotted red), and negativ-
ity of the Wigner function (solid black) for a Kerr oscillator
subject to a semiclassical drive for fixed dimensionless detun-
ing ∆/κ = 1.5 and rescaled drive power |α1|2K/κ3 = 1.5.
In the area highlighted in gray, the quantum trajectory is
dominated by stochastic quantum jumps, Γjump ≥ Γrel, and
|ψ〉
ps
cannot be prepared. The open green rectangle indi-
cates the maximum observable negativity Nmax and the pa-
rameters of Fig. 2. (b) Adding a local oscillator signal
√
κξ
allows one to unravel different pseudo-steady states. The ra-
tio Γrel(ξ)/Γjump(ξ) (left plot) and the negativity N(|ψ(ξ)〉ps)
(right plot) now depend on the complex signal strength ξ. All
states within the black curve indicating Γrel(ξ)/Γjump(ξ) = 1
can be heraldedly prepared. The value of ξ indicated by an
open white triangle maximizes N(|ψ(ξ)〉
ps
) under this restric-
tion. (c) Maximum observable negativity Nmax as a function
of dimensionless detuning and rescaled drive power without
(left panel) and with (right panel) an optimization of the local
oscillator signal ξ. In the triangle enclosed by the gray lines,
two semiclassical steady-state solutions 〈aˆ〉 exist.
drive, i.e., ∆ = 0, α1 = 0, and α2 ≥ 0, such that the
non-Hermitian Hamiltonian Hˆ0− iMˆ commutes with the
parity operator Pˆ and the spectrum consists of two sub-
spaces of eigenstates having different parity, {h±µ }. The
operatorH does not mix these subspaces, therefore, both
the even and the odd-parity eigenstate
∣∣ψ±µ0〉 with largest
imaginary part of the eigenvalue h±µ0 are stable, as shown
in Fig. 4(a), and their relaxation rates are determined by
the imaginary parts of the spectral gaps to the unstable
eigenstates of the corresponding parity.
While we redefined here the relaxation rate Γrel to take
into account parity conservation, the relevant quantity to
be compared to Γjump in the heralding protocol is still the
first spectral gap, Γasy = Im(h
+
µ0 − h−µ0): Photon detec-
tion events change the parity of |ψ〉 and approximately
map the stable states
∣∣ψ±µ0〉 to one another, such that
the quantum trajectories jump between the two states, as
shown in Fig. 4(b). The rate Γasy measures the asymme-
try in the jump rates of
∣∣ψ±µ0〉, which reflects their differ-
ent photon-number expectation values. If Γasy ≥ Γjump
4holds, the states can be discriminated in the photon de-
tection signal and the longer-lived state
∣∣ψ+µ0〉 can be her-
aldedly prepared, |ψ〉ps =
∣∣ψ+µ0〉. The relaxation rate
Γrel towards |ψ〉ps is given by the second spectral gap, as
shown in Fig. 4(c), and since Γrel > Γasy holds, the relax-
ation to the target state within the heralding interval is
guaranteed. Similar to the case of a semiclassical drive,
Figs. 4(d) and (e) show that |ψ〉ps can have a negative
Wigner function if Γasy ≈ Γjump and K & κ hold, but
N(|ψ〉ps) is zero in the limit Γasy ≫ Γjump because |ψ〉ps
converges to the positive steady state ρˆss.
Importantly, in the limit K ≫ κ the states ∣∣ψ±µ0〉 con-
verge to the even and odd Schrödinger cat states |C±〉 =
(|α〉±|−α〉)/[2(1±e−2|α|2)]1/2 [25], where α = i√α2/K.
In this regime, the steady-state solution ρˆss is a statisti-
cal mixture of the two indistinguishable cat states |C±〉.
The small correction −iMˆ ∝ κ due to the photon detec-
tion breaks this symmetry and allows us to stabilize a
Schrödinger kitten state |C+〉 = |ψ〉ps without feedback.
Experimental implementation.– Our results show
that quantum oscillators with Kerr nonlinearities of the
order of the decay rate κ are sufficient to observe nega-
tive pseudo-steady state Wigner functions. Such nonlin-
ear resonators can be realized in a variety of platforms,
e.g., superconducting circuits [27, 28] and trapped ions
[29, 30]. Potentially even hybrid optomechanical systems
could reach the required nonlinearities [27, 31–33]. To en-
sure Γjump . Γrel, the steady-state photon number needs
to be small,
〈
aˆ†aˆ
〉
ss
. 1.
For finite temperature nth > 0 or imperfect detection
0 ≤ η < 1, the unobserved dissipative processes mix dif-
ferent eigenstates of Hˆ0 − iMˆ such that negativities in
the Wigner function get averaged out. As discussed in
[22], the observation of a negative Wigner function re-
quires a low thermal photon number nth . 0.1. This is
well satisfied in the optical frequency range, but requires
cryogenic environments or pre-cooling for microwave fre-
quencies. However, imperfect efficiency of the single pho-
ton detection process is not a major challenge, as ana-
lyzed in [22]. Relatively low efficiencies of η & 0.25 and
η & 0.5 are already sufficient to observe negativities in
a Kerr oscillator with single-photon and two-photon co-
herent drives, respectively. Thus, current photon detec-
tion efficiencies in the optical and infrared range of above
88% are promising to resolve nonclassical states [34, 35].
The single-photon detection efficiency in the microwave
regime is still lower [36], but recently more than 70%
detection efficiency have been reached [37, 38].
Conclusion.– We have shown that continuous photon
detection can stabilize nonclassical pseudo-steady states
in a driven and damped Kerr nonlinear oscillator, whose
steady-state Wigner function is known to be strictly pos-
itive. The required nonlinearities and photon detection
efficiencies are feasible with current technology. Further-
more, we have applied this protocol to a Kerr parametric
〈aˆ†aˆ〉ps
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Figure 4. (a) Spectrum of even-parity (circles) and odd-
parity (squares) stable (solid markers) and unstable (open
markers) eigenstates of the non-Hermitian Hamiltonian that
defines the relaxation dynamics for a Kerr oscillator subject
to a resonant parametric drive. The imaginary part of the
gap between the two stable states determines their jump-rate
asymmetry Γasy. (b) Photon-number
〈
aˆ†aˆ
〉
in the steady-
state regime. An average over 500 trajectories reproduces
the steady-state result (thin red), which determines the jump
rate Γjump. Each quantum trajectory (solid green line) jumps
between the stable states of opposite parity (jump times indi-
cated by black triangles). If Γasy & Γjump holds, one can
heraldedly prepare the stable even-parity eigenstate |ψ〉
ps
.
(c) After a quantum jump event, the trace distance between
|ψ(t)〉 and |ψ〉
ps
(solid black) decays exponentially. Since par-
ity is conserved, the relaxation happens at a rate Γrel (dashed
orange), which is the imaginary part of the second spectral
gap. For comparison, the dash-dotted blue line indicates a
decay at the rate Γasy corresponding to the first spectral gap.
(d) Relaxation rate Γrel (dashed orange), jump-rate asymme-
try Γasy (dash-dotted blue), total jump rate Γjump (dashed
red), and Wigner-function negativity (solid black) as a func-
tion of the drive strength. In the gray area, the time evolution
is dominated by stochastic quantum jumps, Γjump ≥ Γasy, and
|ψ〉ps cannot be prepared. (e) Maximum observable negativ-
ity as a function of the dimensionless Kerr nonlinearity K/κ.
Parameters: ∆/κ = 0, K/κ = 10, α1/κ = 0, α2/κ = 5.3, and
ξ = 0.
oscillator to prepare Schrödinger kitten states. Making
use of the jump-rate asymmetry between the states of
different parity, we demonstrated that such nonclassical
states can be stabilized only by observation and without
feedback. Finally, seen from a different angle, the pro-
posed scheme is a heralding protocol to stabilize quantum
states in open systems.
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6Pseudo-steady state of a stochastic quantum master
equation
Stochastic quantum master equation.– We consider
the general case of the quantum master equation (1) of
the main text,
d
dt
ρˆ = L0ρˆ+ κ(nth + 1)D[aˆ]ρˆ+ κnthD[aˆ†]ρˆ , (5)
where L0 is a completely positive and trace-preserving
linear superoperator. We assume that the output mode
aˆ is displaced by a local oscillator signal of strength√
κ(nth + 1)ηξ before photon detection, as sketched in
Fig. 1(b) of the main text. Note that the case ξ = 0
reproduces the conventional photon detection scenario.
The stochastic quantum master equation is given by [23]
dρˆ = Lρˆ dt+
[
(aˆ+ ξ)ρˆ(aˆ† + ξ∗)
Tr[(aˆ† + ξ∗)(aˆ+ ξ)ρˆ]
− ρˆ
]
dN , (6)
Lρˆ = (L+N )ρˆ− Tr(N ρˆ)ρˆ , (7)
where we introduced the abbreviations
Lρˆ = L0ρˆ− i[κ(nth + 1)η i
2
(ξaˆ† − ξ∗aˆ), ρˆ]
+ κ(nth + 1)(1− η)D[aˆ]ρˆ+ κnthD[aˆ†]ρˆ , (8)
N ρˆ = −κ
2
(nth + 1)η{(aˆ† + ξ∗)(aˆ+ ξ), ρˆ} . (9)
The Poissonian increment dN = dN2 has the ensemble-
averaged expectation value E(dN) = −Tr(N ρˆ)dt. The
superoperator N ρˆ describes the modification of the dy-
namics if no photons are detected and causes a decay
of the norm of ρˆ. To compensate this, we include the
nonlinear term −Tr(N ρˆ)ρˆ into Lρˆ.
In the following we require that the quantum master
equation (5) has a steady-state solution ρˆss and that the
superoperator L+N has a set of left and right eigenvec-
tors
(L+N )ρˆµ = λµρˆµ (10)
(L+N )†ρˇµ = λ∗µρˇµ (11)
that can suitably be normalized to form a complete
orthonormal basis with respect to the Hilbert-Schmidt
scalar product, (ρˇν , ρˆµ) = Tr
(
ρˇ†ν ρˆµ
)
= δν,µ. This as-
sumption is valid for all systems that do not have excep-
tional points [41].
Pseudo-steady state.– A pseudo-steady state of
Eq. (6) is a density matrix ρˆ that is Hermitian, positive
semidefinite, normalized to unit trace, and that satisfies
Lρˆ = 0. We decompose ρˆ with respect to the basis of
eigenstates of L + N , ρˆ = ∑µ cµρˆµ, and obtain the fol-
lowing conditions for the expansion coefficients:
∀µ : cµ

λµ −∑
β
cβλβTr(ρβ)

 = 0 . (12)
For a non-degenerate eigenvalue λν , all but the coeffi-
cient cν of the corresponding eigenstate ρˆν must be zero.
Thus, each eigenstate ρˆν to a non-degenerate eigenvalue
λν is a valid solution provided that it is Hermitian, pos-
itive semidefinite, and has a non-zero trace such that it
can be normalized by cν = 1/Tr(ρˆν). For a degener-
ate eigenvalue λ = λν1 = · · · = λνN , only the coeffi-
cients cνi of eigenstates ρˆνi belonging to the degener-
ate subspace {λν1 , . . . , λνN } are non-zero. Any mixture
ρˆ =
∑N
i=1 cνi ρˆνi of these eigenstates is a valid solution
provided that it is Hermitian, positive semidefinite, and
normalized to unit trace,
∑N
i=1 cνiTr(ρˆνi) = 1.
Since Lρˆ is a nonlinear superoperator, some of the so-
lutions to Lρˆ = 0 determined above may be unstable
against perturbations. To analyze the stability of a solu-
tion ρˆ to eigenvalue λ, we make the ansatz
χˆ = (ρˆ+ εσˆ)[1 − εTr(σˆ)] , (13)
where ε ≪ 1 is a small parameter and σˆ is a Hermitian
and positive-semidefinite density matrix that is orthog-
onal to ρˆ. Note that χˆ is normalized to leading order
in ε. We expand ˙ˆχ = Lχˆ in terms of ε and decompose
σˆ =
∑
µ cµρˆµ with respect to the basis of eigenstates of
L+N , which yields
∑
µ
c˙µP⊥ρˆµ =
∑
µ
cµ(λµ − λ)P⊥ρˆµ , (14)
where P⊥ is the projector on the subspace perpendicular
to ρˆ. The state ρˆ is stable if all expansion coefficients
cµ of perturbations orthogonal to ρˆ decay to zero. For a
non-degenerate spectrum {λµ}, ρˆ = ρˆα is an eigenstate
of L + N to eigenvalue λα and we can rewrite Eq. (14)
to
∀µ 6= α : dcµ
dt
= (λµ − λα)cµ . (15)
Hence, the state ρˆα is stable if Re(λµ − λα) ≤ 0 holds
for all µ 6= α, i.e., if λα is the eigenvalue of the spectrum
with the largest real part.
Pseudo-steady state of a stochastic Schrödinger
equation
Stochastic Schrödinger equation.– In the main text,
we considered the case where L0 describes Hamiltonian
dynamics, L0ρˆ = −i[Hˆ0, ρˆ]. Furthermore, if the relations
nth = 0 and η = 1 hold, an initial pure state ρˆ = |ψ〉 〈ψ|
will always stay pure and we can rewrite Eq. (6) as a
stochastic Schrödinger equation for the state vector |ψ〉
7[23],
d |ψ〉 = H |ψ〉dt
+
[
(aˆ+ ξ) |ψ〉√〈ψ| (aˆ† + ξ∗)(aˆ+ ξ) |ψ〉 − |ψ〉
]
dN , (16)
H |ψ〉 =
[
−i(Hˆ − iMˆ) + 〈ψ| Mˆ |ψ〉
]
|ψ〉 (17)
where we introduced the abbreviations Hˆ = Hˆ0−iκ(ξ∗aˆ−
ξaˆ†)/2 and Mˆ = κ(aˆ† + ξ∗)(aˆ + ξ)/2. The Poisso-
nian increment dN = dN2 satisfies E(dN) = 〈ψ| (Mˆ +
Mˆ †) |ψ〉 dt. The non-Hermitian correction −iMˆ to the
Hamiltonian Hˆ is the counterpart of the superoperatorN
and introduces a decay of the norm of |ψ〉, which is com-
pensated by the nonlinear term 〈ψ| Mˆ |ψ〉 |ψ〉. Therefore,
stationary solutions |ψ(t)〉 = e−iEψt |ψ〉 of the continuous
time evolution d |ψ〉 = H |ψ〉dt can exist.
Similar to the general calculation given above, we re-
quire that the quantum master equation (5) has a steady
state ρˆss and that the non-Hermitian operator Hˆ−iMˆ has
a set of left and right eigenvectors that can be normalized
to form a complete orthonormal basis. The spectrum of
Hˆ − iMˆ is denoted by {hµ}, i.e.,
(Hˆ − iMˆ) |ψµ〉 = hµ |ψµ〉 . (18)
Pseudo-steady state and relaxation rate.– A pseudo-
steady state of Eq. (16) is a normalized state vector |ψ〉
that satisfies −iEψ |ψ〉 = H |ψ〉 where Eψ is real. We
decompose |ψ〉 =∑µ cµ |ψµ〉 with respect to the basis of
eigenvectors |ψµ〉 and obtain the following conditions for
the expansion coefficients:
∀µ : cµ

−i(Eψ − hµ)−∑
β,γ
c∗βcγ 〈ψβ | Mˆ |ψγ〉

 = 0 .
(19)
For a non-degenerate eigenvalue hν , all coefficients cµ6=ν
are zero except for the coefficient cν = 1/
√〈ψν |ψν〉
of the corresponding eigenstate |ψν〉. Thus, each
normalized eigenstate |ψν〉 to a non-degenerate eigen-
value is a pseudo-steady solution with real energy
Eψν = 〈ψν | Hˆ0 |ψν〉. For a degenerate eigenvalue h =
hν1 = · · · = hνN , any normalized superposition |ψ〉 =∑N
i=1 cνi |ψνi〉 of the eigenstates belonging to this sub-
space is a pseudo-steady state where Eψ = 〈ψ| Hˆ |ψ〉.
Since H is a nonlinear operator, some of the solutions
to H |ψ〉 = −iEψ |ψ〉 may be unstable. To analyze the
stability of a solution |ψ〉 with associated eigenvalue h,
we make the ansatz
|χ〉 = e−iEψt(|ψ〉+ ε |σ〉)[1− εRe(〈ψ|σ〉)] , (20)
where ε ≪ 1 is a small parameter and |σ〉 is a state
orthogonal to |ψ〉. Note that |χ〉 is normalized to leading
order in ε. We now expand d |χ〉 = H|χ〉dt in terms of
ε and decompose |σ〉 = ∑µ cµ |ψµ〉 with respect to the
basis of eigenstates |ψµ〉 of Hˆ − iMˆ , which yields∑
µ
c˙µPˆ⊥ |ψµ〉 = −i
∑
µ
cµ(hµ − h)Pˆ⊥ |ψµ〉 , (21)
where Pˆ⊥ is the projector on the subspace perpendicular
to |ψ〉. The state |ψ〉 is stable if all expansion coefficients
cµ associated to perturbations orthogonal to |ψ〉 decay to
zero. For a non-degenerate spectrum {hµ}, |ψ〉 = |ψα〉
is an eigenstate of Hˆ − iMˆ to eigenvalue hα and we can
rewrite Eq. (21) to
∀µ 6= α : dcµ
dt
= −i(hµ − hα)cµ . (22)
Hence, the state |ψα〉 is stable if Im(hµ − h) ≤ 0 holds
for all µ 6= α, i.e., if hα is the eigenvalue of the spectrum
with the largest imaginary part.
The decay rate of any state |ψµ〉 towards |ψα〉 is
given by Γrelµ→α = − Im(hµ − hα) = 〈ψµ| Mˆ |ψµ〉 −
〈ψα| Mˆ |ψα〉, which is the imaginary part of the spectral
gap between the two eigenstates. The overall relaxation
rate Γrel observed in the decay of any state |ψ〉 towards
the pseudo-steady state |ψα〉 is dominated by the small-
est decay rate Γrelµ→α, which corresponds to the spectral
gap between the stable pseudo-steady state |ψα〉 and the
closest unstable state.
Unmonitored dissipative processes
In the limit L0ρˆ → −i[Hˆ, ρˆ], nth → 0, and η → 1,
the stochastic Schrödinger equation (3) considered in
the main text and the stochastic quantum master equa-
tion (6) can be mapped to one another. The right eigen-
states |ψj〉 of Hˆ − iMˆ , cf. Eq. (18), can be used to con-
struct the right eigenstates ρˆµ = ρˆi,j = |ψi〉 〈ψj | of L+N ,
cf. Eq. (10), and the corresponding eigenvalues fulfill
λµ = λi,j = −i(hi − h∗j ). For finite temperature nth > 0,
imperfect detection efficiency 0 ≤ η < 1, or additional
dissipation channels in L0, this relation breaks down be-
cause the associated Lindblad dissipators mix different
basis states ρˆi,j . Note that non-Hermitian states ρˆi,j 6=i
are never mixed with Hermitian states ρˆi,i because Lρˆ
must preserve the Hermiticity of ρˆ. Physically, these pro-
cesses correspond to unmonitored dissipative interactions
such that the system state can no longer be described by
a pure state |ψ〉. As a consequence, different states ρˆi,i,
each of them possibly having a negative Wigner function,
are mixed and their negativity is ultimately averaged out
to a non-negative pseudo-steady-state Wigner function.
In Fig. 5, the change of the negativity N(ρˆps) due to
finite temperature or imperfect detection is shown. Note
that the latter can either be caused by loss of photons
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Figure 5. (a) Impact of finite temperature or imperfect
detection on the pseudo-steady state of a Kerr oscillator sub-
ject to a semiclassical drive. The main plot shows the nega-
tivity −N(ρˆps) as a function of the thermal photon number
nth and the detection efficiency η. The smaller plots show
the Wigner function Wρˆ(α) of selected states. The origin
has been shifted to the steady-state expectation value 〈aˆ〉
ss
.
Top row: Wigner function of steady-state ρˆss and pseudo-
steady state ρˆps for nth = 0 and η = 1. Bottom row:
Wigner function of pseudo-steady state ρˆps for nth = 0.5 and
η = 1 (left) and nth = 0 and η = 0.25 (right). Parameters
are ∆/κ = 1.5, |α1|2K/κ3 = 1.5, α2/κ = 0, K/κ = 2.2,
ξ/
√
κ = 0.9 × exp(1.8i). (b) Same plots for a Kerr oscillator
subject to a parametric drive. Top row: Wigner function of
steady-state ρˆss and pseudo-steady state ρˆps for nth = 0 and
η = 1. Bottom row: Wigner function of pseudo-steady state
for nth = 0.1 and η = 1 (left) and nth = 0 and η = 0.5 (right).
Parameters are ∆/κ = 0, α1/κ = 0, α2/κ = 5.3, K/κ = 10,
ξ = 0.
on the way to the detector or by a non-unit detection
efficiency at the detector itself. Thermal effects average
out the negativity at a thermal photon number of about
nth ≈ 0.1, such that cryogenic environments or active
cooling of the system prior to the protocol are neces-
sary. However, the negativity is found to be quite robust
against imperfect detection. Even for a relatively low de-
tection efficiency of η ≈ 0.25 for a semiclassical drive and
η ≈ 0.5 for a parametric drive, negativities in the Wigner
function are still present.
